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A UNIFIED PROOF OF BROOKS’ THEOREM AND CATLIN’S
THEOREM
VAIDY SIVARAMAN
Abstract. We give a unified proof of Brooks’ theorem and Catlin’s theorem.
All graphs in this note are simple and finite. Let G be a graph. An n-coloring
of G is a partition of V (G) into n independent sets. The chromatic number of
G is denoted by χ(G). The independence (stability) number of G is denoted by
α(G). If X is a set of vertices of G, then G\X denotes the graph obtained from
G by deleting the vertices in X . We follow the notation and terminology of West [8].
Several proofs of Brooks’ theorem appear in the literature, the most famous one
being [4] (also see [8]). There is a strengthening of Brooks’ theorem, due to Catlin
[2], which states that every graph G with maximum degree d ≥ 3 and no clique of
size d+ 1, has a d-coloring in which one of the color classes has size α(G).
We begin by proving Catlin’s result for triangle-free subcubic graphs, and the
general result follows from that by induction. In addition to Catlin’s original proof,
several other proofs of Catlin’s theorem are known ([7], [5], [3]). Also, our proof
has some similarity to the recent one by L. Rabern ([6]), but the focus there is only
on Brooks’ theorem.
Theorem 1. Let d be an integer at least 3, and let G be a graph with maximum
degree d. If G does not contain Kd+1 as a subgraph, then G has a d-coloring in
which one color class has size α(G). In particular, χ(G) ≤ d.
Proof. Our proof is by induction on |V (G)|. We consider induction steps when
either d ≥ 4 or G contains a copy of Kd. Thus, our base case is when d = 3 and G
contains no triangles.
Base case. Choose an independent set I of size α(G) such that the number
of odd cycles in G \ I is minimum. Suppose that G \ I contains an odd cycle C.
Choose v ∈ V (C). Consider the set S of all paths P starting at v and alternating
between non-isolated vertices of G \ I and vertices of I, subject to V (G \ I)∩V (P )
being independent. Let P0 be a member of S of maximum length, and let I
′ be the
symmetric difference of I and V (P0). Note that I
′ is independent. This is because
d = 3, v has a neighbor in I ∩ V (P ) and two neighbors in G \ I, and every other
vertex of I ′ \ I has two neighbors in I ∩ V (P ) and one neighbor in G \ I. Since I
is maximum and P starts outside I, we have |I ′| = |I| = α(G).
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Note that no cycle in G \ I ′ contains a vertex of I ∩ V (P0). This is because (by
construction) each vertex of I in the interior of P0 has two neighbors in I
′, and the
final vertex of P0 has each neighbor either in I
′ or isolated in G \ I. This means
that every odd cycle in G \ I ′ is an odd cycle in G \ I. Since C is an odd cycle of
G \ I that is not in G \ I ′, the number of odd cycles in G \ I ′ is strictly less than
that in G \ I, a contradiction. Hence G \ I contains no odd cycle; therefore G \ I is
bipartite and can be 2-colored. Coloring I with color 3 gives the desired 3-coloring
with color class 3 of size α(G).
Induction step. Suppose first that d ≥ 4 and G contains no copy of Kd. Let
I be a maximum independent set. Now G \ I has maximum degree at most d− 1,
so by induction, G \ I has a (d − 1)-coloring. Using color d on I gives the desired
coloring.
Suppose instead that G contains a copy of Kd. Let {v1, . . . , vd} be a set of
pairwise adjacent vertices. For each vi, let ai be its neighbor outside {v1, . . . , vd}
and let A = {ai : 1 ≤ i ≤ d} (the case where some vi has no such neighbor ai is
easier, and we consider it below). The ai need not be distinct, but cannot all be
equal, since G does not contain Kd+1. Let G
′ = G \ {v1, . . . , vd}. Our plan is to
color G′ by hypothesis, then extend the coloring to G. To do so, we must ensure
that the ai do not all receive the same color.
First suppose that G′ has a maximum independent set I not containing all
of A. Form G′′ from G′ by adding some edge aiaj where ai is not in I. By
induction, we have a d-coloring of G′′ with some color class of size α(G′′). We can
easily extend this coloring to the desired d-coloring of G. For example, we can
apply Hall’s Theorem to a bipartite graph with one part consisting of {v1, . . . , vd},
the other part consisting of colors {1, . . . , d}, and each vertex vi adjacent to all
colors not used on ai. The largest color class in this d-coloring of G has size
1 + α(G′′) = 1 + α(G′) = α(G); the final equality holds because every independent
set in G contains at most one vertex of {v1, . . . , vd}.
If instead every maximum independent set of G′ contains all of A, then form G′′
from G′ by adding an arbitrary edge aiaj . Again, we apply the induction hypothesis
to G′′ and extend the d-coloring of G′′ to G by Hall’s Theorem. Now the largest
color class has size 1 + α(G′′) = α(G′) = α(G).
The case where some vi has no neighbor ai is easier. After d-coloring G
′ by
induction, extending the coloring is simple, since vi can receive any color. 
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